Abstract. We show that the non-Archimedean skeleton of the d-th symmetric power of a smooth projective algebraic curve X is naturally isomorphic to the d-th symmetric power of the tropical curve that arises as the non-Archimedean skeleton of X. The retraction to the skeleton is precisely the specialization map for divisors. Moreover, we show that the process of tropicalization naturally commutes with diagonal morphisms and Abel-Jacobi maps and we exhibit a faithful tropicalization for symmetric powers of curves. Finally, we prove a version of the Bieri-Groves Theorem that allows us, under certain tropical genericity assumptions, to deduce a new tropical Riemann-Roch-Theorem for the tropicalization of linear systems.
Introduction
Throughout, let K be a non-Archimedean field with valuation ring R whose residue field k is algebraically closed and contained in K. Let X be a smooth projective curve over K of genus g ≥ 1 and let d ≥ 0. The d-th symmetric power X d of X is defined to be the quotient
of the d-fold product X d = X × · · · × X by the action of the symmetric group S d that permutes the entries. The symmetric power X d is again a smooth and projective algebraic variety and functions as the fine moduli space of effective divisors of degree d on X (see [Mil86,  Section 3] for details). Let Γ = Γ X be the dual tropical curve of X, i.e. the minimal skeleton of X an . As a set, the d-th symmetric power Γ d of Γ is defined to be the quotient
of the d-fold product by S d -action. We will see in Section 1 that, once we choose a strictly semistable model (G, |.|) for Γ , the symmetric power Γ d naturally carries the structure of a colored polysimplicial complex and it naturally functions as a moduli space of effective divisors of degree d on Γ . Let X be a strictly semistable model of X over R. The special fiber of X is a strictly semistable curve whose weighted dual graph (together with the edge lengths given by the valuations of the deformation parameters at every node) provides us with a natural choice of a model G, |.| of Γ . There is a natural tropicalization map
given by pushing forward an effective Cartier divisor D on X L , for a non-Archimedean extension L of K, to the dual tropical curve Γ X L = Γ X , which is essentially a version of Baker's specialization map for divisors in [Bak08] (see Section 3.4 for details).
On the other hand, using the compactification of the moduli space of effective divisors over M g constructed in [MUW17, Section 2], a special case of the moduli space of stable quotients in [MOP11] , we find a natural strictly polystable model X d of X d over Spec R that has a natural modular interpretation. Despite its suggestive notation, X d is not the S d -quotient of the fibered product X × Spec R · · · × Spec R X but rather a resolution thereof with good moduli-theoretic properties.
By [Ber99] , associated to the strictly polystable model X d there is a strong deformation retraction
onto the non-Archimedean skeleton Σ(X d ) of X an d , which naturally carries the structure of a colored polysimplicial complex. We refer the reader to Section 2 for a guide to this construction. Our main result is the following Theorem A.
Theorem A. Let X be a smooth and projective algebraic curve over K and let X be a fixed strictly semistable model of X over the valuation ring R of K. Denote by Γ the dual tropical curve of X. There is a natural isomorphism
of colored polysimplicial complexes that makes the diagram
In other words, the symmetric power Γ d of the skeleton Γ = Γ X of X an is isomorphic to the skeleton Σ(X d ) of the symmetric power X an d of X an . The main idea of our proof is to carefully describe the combinatorial structure stratification of the polystable model of X d coming from [MUW17] and to identify it with the discrete data of Γ d (thought of as the space Div 
An alternative to Theorem A.
A slightly different version of Theorem A has appeared in [She16] en route to the proof of a non-Archimedean Lefschetz hyperplane theorem for the the locus of effective divisors in the Picard group. In [She16, Section 6] the author first identifies the non-Archimedean skeleton of the d-fold product X d with the d-fold product using Berkovich's skeleton construction in [Ber99] and then shows that the deformation retraction is naturally S ninvariant. This implies that the skeleton of the quotient X an d = (X d ) an /S n is equal to Γ d as a set. We refer the reader to [BM17] for more details on skeletons associated to products of degenerations.
The resulting polyhedral structure on the skeleton constructed in [She16] , however, is not the one we introduce in Section 1 below, since it would have to take into account self-gluings of the polyhedra (quite like a generalized cone complex in [ACP15] or a cone stack in [CCUW17] ).
In this article we prefer our approach via the explicit model X d , since its modular interpretation simplifies the construction of the tropicalization map and the combinatorial stratification of its special fiber "explains" where the a priori only intrinsically defined polyhedral structure on Γ d is coming from.
Tropicalization of subvarieties.
Let Y ⊆ X d be a closed subvariety. We define the tropicalization Trop X d (Y) of Y to be the closed subvariety of X d given by the projection of Y an to Γ d via trop X d , i.e. essentially via the specialization of effective divisors from X to Γ X from [Bak08] . In other words, we set
By Theorem A this is nothing but the projection of Y an to the skeleton of X an d via ρ X d . A surprisingly useful consequence of Theorem A is that the continuity of ρ X d implies the continuity of the tropicalization trop X d . This allows us to deduce a collection of functoriality results in Section 4 from the linearity of Baker's specialization map in [Bak08] and from the compatibility of the process of tropicalization with the Abel-Jacobi map proved in [BR15,  Denote by Λ ⊆ R the value group − log |K * | of K. In Section 5 we prove a generalization of the classical Bieri-Groves-Theorem (see [BG84,  Theorem A] and [EKL06, Theorem 2.2.3]) for projections to the skeleton associated to a polystable model, which for X d can be stated as follows.
Theorem C. Let X be a smooth projective curve over K and let X be a fixed strictly semistable model of
of Y is a Λ-rational polyhedral complex of dimension at most δ. If X is a Mumford curve and the tropicalization contains a point in the interior of a maximal cell of
The theory developed in this article allows us to study the tropical geometry of linear series by directly tropicalizing them as subvarieties of X d . For example, Theorem C immediately implies the following realizable Riemann-Roch Theorem. 
By [Bak08] , the dimension of Trop X d D is not always equal to the rank of the specialization of D to Γ . So, in particular, the realizable Riemann-Roch Theorem does, in general, not imply the well-known intrinsic tropical Riemann-Roch Theorem from [BN07, GK08, AC13] . In the special case when Γ is a generic chain of loops, however, the lifting results of [CJP15] allow us to say more.
Algebraic and tropical Riemann-Roch Theorem for generic chains of loops. Let Γ be a chain of g loops, where each loop consists of two edges having lengths l i and m i (see Figure 1 ). Suppose that Γ is a generic, i.e. suppose that none of the ratios l i /m i is equal to the ratio of two positive integers whose sum is less than or equal to 2g − 2 (see [CDPR12, Definition 4.1]). The results of [CJP15] show that the algebraic Riemann-Roch-Theorem implies the tropical Riemann-RochTheorem.
Let D a divisor on Γ of degree d and rank r supported on Λ-rational points of Γ . Let X be a Mumford curve whose dual tropical curve is Γ . By [CJP15] there is a line bundle L of degree d and rank r on X such that the specialization of L is equal to the divisor class [D] . The construction in [CJP15] is naturally compatible with residue duality and thus the specialization of ω X ⊗ L −1 is equal to the class [K Γ − D] and the rank of ω X ⊗ L −1 is equal to the rank of K γ − D. Therefore we have
and, in this situation, the algebraic Riemann-Roch Theorem implies its tropical counterpart. If Faithful tropicalization. The classical approach to the process of tropicalization goes by choosing an embedding into a suitable toric variety and then applying coordinate-wise valuations to the embedded variety. For symmetric powers, however, Theorem A suggests that it might be more natural to think of tropicalization as a projection to the non-Archimedean skeleton. The principle of faithful tropicalization, as pioneered in [BPR16] and further developed e.g. in [GRW16, CHW14, GRW17] , seeks to realign these two perspectives.
Expanding on [GRW16] we prove in Section 6 a faithful tropicalization result for skeletons associated to polystable models. As a consequence we obtain the following Theorem E.
Theorem E.
There is an open subset U ⊆ X d as well as a morphism f : U → G n m such that the induced tropicalization map
is a homeomorphism onto its image in R n and it is unimodular on each cell of Γ d .
Unfortunately the construction of the map f : U → G n m is by no means effective. In Section 7.1 we speculate how the recent work of Kawaguchi and Yamaki [KY16] that uses linear series to find effective faithful tropicalizations of curves may be generalized to find effective faithful tropicalization of symmetric powers.
Finally, Section 7.2 we describe a further open question, on the tropical geometry of varieties of de Jonquierès divisors in a fixed linear system (expanding on the recent work of Ungureanu [Ung16] ).
Complements and related works. Symmetric powers of tropical curves have already appeared in [MZ08, HMY12, GK08] , where they form one of the key ingredient to understand the polyhedral structure of tropical linear series. While the process of tropicalization on the level of divisor classes, e.g. as a tropicalization map of Picard groups, has been studied widely (e.g. in [Bak08, BR15] ), the purpose of this paper is to provide non-Archimedean foundations for the tropicalization of symmetric powers.
Our perspective on Theorem A is that it is another incarnation of the principle that the nonArchimedean skeleton of an algebraic moduli space typically is a tropical moduli space that has recently been implemented in a multitude of different cases, e.g. in [BR15] for Picard varieties, in [ACP15] for the moduli space of curves, in [CMR16] for Hurwitz space, in [CHMR16, Uli15b] for Hassett spaces, in [Ran17, RSPW17] for rational and elliptic stable maps, and in [AP18] for the universal Picard variety.
In fact, in [MUW17, Theorem 3], Möller, the second author, and Werner prove that the skeleton of the moduli space Div g,d of effective divisors over M g is equal to the moduli space of effective tropical divisors Div
It is tempting to speculate that this result would imply our Theorem A. Unfortunately our current understanding of the functoriality of skeleton constructions does not seem to allow us to formally deduce such a result. The main obstacle to overcome here lies in the fact that the functor that associates to a K-analytic space its underlying topological space does not preserve fibered products.
In this article, we restrict ourselves to the case of a strictly semistable model X of X. Suppose that X is only semistable, i.e. that we allow the components of the special fiber to not be smooth and have self-intersection. Then we may still construct a polystable model X d , which may also not be strict anymore, and, by the results of [Ber99] , there still is a strong deformation retraction map to its skeleton. We expect the analogue of Theorem A to be true; its proof, however, would require us to introduce significantly more technical background to describe self-gluings of polysimplicial complexes similar to what happens when moving from cone complexes to generalized cone complexes in [ACP15] or to cone spaces in [CCUW17] . Taking care of these self-gluings is unavoidable when working universally over M g as in [MUW17, Theorem 3], but for a fixed X, as in our situation, we may simply blow up the points of self-intersection in a semistable model X of X in order to make it strictly semistable.
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1. Symmetric powers of tropical curves 1.1. Colored polysimplicial complexes. An abstract n-simplex is the power set of a finite set S = {0, . . . , n}. An abstract polysimplex ∆ is the cartesian product of a finite collection of simplices P(S 1 ), . . . , P(S k ). A face of ∆ is a subset which is itself an abstract polysimplex. A morphism of abstract polysimplices φ : ∆ 1 → ∆ 2 is a map such that for all faces F 1 of ∆ 1 we have φ(F 1 ) ⊆ F 2 for some face F 2 of ∆ 2 . A morphism φ : ∆ 1 → ∆ 2 is a face morphism if it induces an isomorphism onto a face of ∆ 2 . Denote by Poly the category of polysimplices and by Poly f the subcategory of polysimplices with face morphisms. Let M ⊆ R ≥0 ∪ {∞} be a submonoid. An M-colored polysimplex will be a polysimplex P(S 1 ) × · · · × P(S k ) together with a tuple a ∈ M k such that a i = 0 whenever S i = {0} and a i > 0 whenever
is a morphism of abstract polysimplices such that whenever |R i | > 1 and φ(R i ) ⊂ S j , then a i = b j . We denote by cPoly the category of colored polysimplices and by cPoly f the subcategory of colored polysimplices with face morphisms. In the following Definition 1.1 we give a new perspective on the notion of a colored polysimplicial complex, originally described by Berkovich in [Ber99, Section 3 and 4] . we have that every face of ∆(E) is the image of exactly one morphism
We now discuss how to associate to a colored polysimplicial complex Σ a topological space |Σ|, called its geometric realization. Let n = (n 1 , . . . , n k ) ∈ N k and let a = (a 1 , . . . , a k ) ∈ R >0 . We
For example, the standard ((1, 1), (1, 1))-polysimplex is the unit square. The ((1, 1), (2, 3))-polysimplex is a rectangle with side lengths 2 and 3. Given a polysimplicial complex Σ indexed by a poset Ξ, its geometric realization |Σ| is obtained by gluing the disjoint union of the standard polysimplices associated to each polysimplex in ∆(Ξ) along the images of the face morphisms. In other words, |Σ| is the colimit of the functor F which takes each element in Ξ to the associated standard polysimplex, and takes each face morphism φ αβ : ∆ α → ∆ β to the unique affine linear embedding taking F(∆ α ) to the corresponding face of F(∆ β ). 
Lemma 1.2. We have Div
Then φ is well defined, because for any permutation σ ∈ S d , we have
The map φ is surjective, because given any effective divisor D of degree d, we may write it in the form
, the colored polysimplicial complex. Let Γ be a tropical curve and fix a loop-free model (G, |.|) of Γ . We show that, associated to this data, there is a natural polysimplical complex ∆(G, d) whose geometric realization is equal to Div 
where e 1 , . . . , e l are the edges of G that G is subdividing and k i denotes the number of vertices in G that live above e i . Figure 4 , G 2 is displayed with the polysimplicial complex structure described in the proof of Proposition 1.4. Example 1.6. Consider the metric graph S 1 , the unit circle. Then (S 1 ) 2 is the Möbius band, as we see in Figure 5 . Example 1.7. Let G be the dumbell graph, or the chain of two loops. In Figure 6 we give the poset Ξ(G). The polysimplicial complex ∆(G, 2) has 15 maximal cells, five of which are triangles and 10 of which are squares. It has 25 edges and 10 vertices. 
Skeletons of polystable models -a user's guide
Let K be a non-Archimedean field. Denote by R its valuation ring and by k its residue field.
Definition 2.1. Let X be a smooth variety over K. A strictly polystable model of X is a flat and separated scheme X over R, whose generic fiber is isomorphic to X and such that for every point x in the special fiber of X there is an open neighborhood U of x in X as well as an étale morphism γ :
Suppose that X is proper over K and that X is a proper polystable model of X. In [Ber99] Berkovich constructed a strong deformation retraction ρ X : X an → Σ(X ) onto a closed subset of X an that naturally carries the structure of a colored polysimplicial complex, the non-Archimedean skeleton associated to X . In this section we shall recall the basic properties of this construction. Our presentation is inspired by [GRW16, Section 4] and [Thu07] .
Notation 2.2. Let
2.1. Tropicalization of a stable standard model. Let n ≥ 0, k ≤ n, and a ∈ R. We refer to the affine R-scheme Z(n, k, a) = Spec A with
as a stable standard model. Consider the standard simplex (as in Equation 1.1)
There is a natural continuous tropicalization map trop n,k,a : Z(k, n, a)
• −→ ∆(k, a)
given by
This map is well-defined, since
2.2. The skeleton of a stable standard model. The tropicalization map trop n,k,a has a natural section J n,k,a : ∆(k, a) → Z(n, k, a) • given by sending v ∈ ∆(k, a) to the multiplicative seminorm given by
The section is well-defined, since
The composition ρ n,k,a = J n,k,a • trop n,k,a defines a retraction map
2.3. Tropicalization of a polystable standard model. Write n = (n 1 , . . . , n r ), k = (k 1 , . . . , k r ) as well as a = (a 1 , . . . , a r ) so that k i ≤ n i . A polystable standard model is an affine R-scheme of the form
The colored polysimplex associated to Z( n, k, a) is defined to be (as in Equation 1.1)
There is a natural continuous tropicalization map
It is well-defined, since
2.4. The skeleton of a polystable standard model. The tropicalization map has a natural section
• . This is given by associating to v ∈ ∆( k, n) the bounded seminorm on
where l a l f
The composition ρ n, k, a := J n, k, a • trop n, k, a defines a retraction map ρ n, k, a : Z( n, k, a)
• −→ Z( n, k, a)
• whose image is a closed subset in Z( n, k, a) • , the non-Archimedean skeleton Σ( n, k, a) of Z( n, k, a) • .
2.5. Stratification of a polystable model. Given a strict polystable model X of X, the special fiber X 0 admits a natural stratification by locally closed subsets, defined inductively as follows:
We first write X 0 as a disjoint union
0 be the open locus of regular points of X 0 and let X 2.6. The skeleton of small open neighborhood. Let X be a strictly polystable model of X. For each stratum E, we set X 0 (E) to be the union of all strata E with E ⊆ E , i.e. if E is contained in the closure E of E . An open neighborhood U of a point x ∈ E is said to be small if the special fiber of U is contained in X 0 (E). We refer to a chart γ : U → Z( n, k, a) as in Definition 2.1 as small with respect to a stratum E if U is a small open neighborhood of a point in E and the image of E is contained in the closed stratum of Z( n, k, a).
Let U be a small open neighborhood in X . In [Ber99] it is shown that there is a retraction
commutes and the restriction of γ • to Σ(U) induces a homeomorphism Σ(U)
2.7. The polysimplicial complex of a strict polystable model. Let X be a smooth variety over K and let X be a strictly polystable model of X over the valuation ring R.
Denote by Ξ(X ) the set of all strata. It naturally carries a partial order ≺ that is given by E ≺ E if and only E ⊆ E, i.e. if E is contained in the closure E of E. Given two small charts γ : U → Z( n, k, a) and γ : U → Z( n , k , a ) around a stratum E ∈ Ξ(X ), note that we have n = n , k = k , and val(a i ) = val(a i ) for all i = 1, . . . , r. Therefore we may define the colored polysimplex ∆(E) associated to a stratum E ∈ Ξ(X ) to be (as in Equation 1.1)
for a small chart γ : U → Z( n, k, a) around E.
Proposition 2.3. The association E → ∆(E) defines a colored polysimplicial complex ∆(X ) indexed by the poset Ξ(X ).
Proof. We show that there is a one-to-one correspondence between the faces of ∆(E) and the strata E ≺ E of X 0 . In fact, let γ : U → Z( n, k, a) be a small chart around E. A face of ∆(E) is given by equations v 2.8. The skeleton of a polystable model. Let X be a smooth variety over K and let X be a strictly polystable model of X over the valuation ring R. In [Ber99] Berkovich has shown that the retraction maps ρ U on small open subsets naturally descend to a retraction map ρ X : X • → X • such that the diagram
commutes. The image of ρ X in X • is the non-Archimedean skeleton Σ(X ) of X • . From this construction we immediately obtain the following combinatorial characterization of Σ(X ).
Proposition 2.4. The skeleton Σ(X ) is naturally homoemorphic to the geometric realization of the colored polysimplicial complex ∆(X ).
In fact, the retraction map ρ X is actually a strong deformation retraction onto Σ(X ) using the natural torus operation on a polystable standard model and formally lifting them to X . Since this aspect of the construction will play no further role in the remainder of this article, we refer the avid reader to [Ber99] for details.
Skeletons of symmetric powers
3.1. A polystable model of X d . Let X → S be a scheme over k. Recall that a relative effective Cartier divisor D on X over S is a closed subscheme of X that is flat over S and for which the ideal sheaf I(D) is a line bundle.
Let g ≥ 2 and d ≥ 0. In [MUW17, Section 2], the authors have introduced a smooth and proper Deligne-Mumford stack Div g,d with (stack-theoretically) normal crossings boundary that compactifies the d-th symmetric power of the universal curve X g over M g (which turned out to be a special instance of the moduli space of stable quotients, as explained in [MOP11, Section 4]). Its objects are pairs consisting of a proper and flat family π : X → S of semistable curves of genus g over a scheme S together with a relative effective Cartier divisor D on X over S such that
• the support of D does not meet the nodes of X s in every fiber X s over s ∈ S; and • the twisted canonical divisor K X + D is relatively ample.
Notice that by Kleiman's criterion for ampleness the twisted canonical divisor K X +D is relatively ample over S if and only if for every point s of S the support of D s has non-empty intersection with every exceptional component of X .
There is a natural morphism Div g,d → M g given by associating to the (X → S, D) the stabilization X st → S of X → S. Notice that the restriction Div g,d of Div g to the locus M g of smooth curves is nothing but the d-th symmetric power of the universal curve over M g .
Let X be a smooth projective curve of genus g ≥ 1 over K and suppose that X is a strictly semistable model of X over Spec R. Define X d to be the category (fibered in sets over Sch R ) whose objects are tuples (X , D) consisting of a semistable model X → S of X S together with a relative effective Cartier divisor D on X S = X × R S such that for every point s ∈ S
• the fiber D s does not meet the singularities of X s ; and • the support supp(D) of D has a non-empty intersection with every exceptional component of X s .
Proposition 3.1. The functor X d is representable by an R-scheme (also denoted by X d ) that is a proper polystable model of X d over R.
Proof. Suppose first that g ≥ 2. In this case, the datum of a strictly semistable model X over R corresponds to a morphism Spec R → M ss g → M g , where M ss g is the the moduli stack of semistable curves of genus g and the second arrow is the stabilization map. Observe that X d is the fibered product
Thus X d is representable by a scheme that is flat and proper over R.
For a K-scheme S the set X d (S) consists precisely of the relative effective Cartier divisors of degree d on X S = X × K S and, by [Mil86, Theorem 3 .13], the generic fiber of X d is nothing but the d-th symmetric power X d of X. So the generic fiber of X d is isomorphic X d .
Consider the nodes of X given by local equations x i y i = a i for a i ∈ R (for i = 1, . . . , r). Write the nodes in X above x i y i = a i as x (for i = 1, . . . , r) so that, possibly after shrinking U, they define a small étale chart γ : U → Z ( n, k, a) .
Suppose now that g = 1. If X has a section, we may construct X d as the fibered product
where Div g,n,d is a generalization of Div g,d to M g,n , as introduced in [MOP11] . The morphism Spec R → M g,1 is determined by a choice of a section that does not influence the construction of X d . The rest of the above proof goes through verbatim. If X does not have a section, we may choose a finite extension K of K such that X R does have a section. We apply the above construction and show that it naturally descends to K.
We explicitly point out that, despite its suggestive notation, X d is not the quotient of X × R · · · × R X by the operation of S d . While not being smooth over R, the R-scheme X d only admits at most toroidal singularities over R, since we are allowed to perform a weighted blow-up the special fiber of X whenever the support of D is at risk of meeting the singularities in X s .
Stratification by dual graphs.
Consider a point in the special fiber of X d . It is given by a pair (X 0 , D) where X 0 is a strictly semistable curve together with a morphism X 0 → X 0 and D is an effective divisor on X 0 whose support is contained in the non-singular locus of X 0 and which has positive degree on every exceptional component of X 0 .
We associate to (X 0 , D) a dual stable pair G , mdeg(D) over G as follows: The graph G is the weighted dual graph of X 0 . Its vertices v correspond to the components X v of X 0 and it contains an edge e emanating from two vertices v and v for every node connecting the two components X v and X v . It is endowed with a natural vertex weight h : The graph G is naturally a subdivision of G, the dual graph of X 0 . The condition that K X 0 + D has non-empty intersection with every exceptional component of X 0 over X 0 is equivalent to the condition that D(v) > 0 for every exceptional vertex v of G over G, i.e. to the condition that (G , mdeg(D)) is a stable pair over G. Proof. The strata of the special fiber of X d are precisely the locally closed subsets on which the dual graphs are constant. In fact, the smooth locus X Similarly, for i = 0, . . . , d − 1 the regular locus of X
corresponds exactly to the locus of stable pairs (X 0 , D) that contain i + 1 exceptional components. This translates into the condition that the dual graph contains exactly i + 1 exceptional vertices over G . The different strata, again, are distinguished by the multidegree of D.
Moreover, notice that for every stable pair (G , D) the locus E (G ,D) of points in X d,0 whose dual pair is (G , D) is non-empty. A stratum E (G ,D) is in the closure of a stratum E (G ,D ) if and only if there is a weighted edge contraction π : G → G over G for which π * D = D. So there is an order-preserving one-to-one correspondence between the set Ξ(X d ) of strata of X d,0 and the set Ξ (G) of stable pairs (G , D) over G.
Finally, consider the nodes of X given by by local equations x i y i = a i for a i ∈ R (for i = 1, . . . , r). Write the nodes in X above x i y i = a i as x
On the other hand, the k i are precisely the number of exceptional vertices over an edge e i of G and the edge length |e i | of e i is equal to val(a i ). So the colored polysimplex ,D) ). This identification naturally commutes with the face morphisms induced by
respectively and so we have found a canonical isomorphism between Γ d and ∆(X d ).
3.3. The process of tropicalization. Let X be a smooth projective curve over K and suppose there is a fixed semistable model X of X over R. By the semistable reduction theorem, we can always find X if we are willing to replace X by its base change to a finite extension of K.
Denote by Γ the dual tropical curve of X . We now define the tropicalization map
A point x in X an d can be represented by a morphism Spec L → X d for a non-Archimedean extension L of K. This, in turn, corresponds to an effective Cartier divisor D on X L . Since X d is proper over Spec R, there is a unique semistable model X → X and a relative effective Cartier divisor D in X such that
• the generic fiber of D is equal to D, • the support supp(D 0 ) in the special fiber does not meet the nodes of X 0 , and
We may now define trop X d (x) to be the divisor that arises as the multidegree of D 0 on Γ . It is naturally supported on the model G of Γ given by the dual graph of X 0 .
A posteriori, Theorem A implies that the construction of trop X d does not depend on any of the above choices and that the tropicalization map is invariant under base change. In other words, given a non-Archimedean extension K of K the dual tropical curve Γ X K is naturally isometric to Γ X and the natural diagram
commutes.
3.4. The specialization map. Denote by Div K,d (X) the group of K-split divisors on X, which may be written n i=1 a i p i for points p i ∈ X(K). Write ρ X : X an → Γ the retraction of X an to Γ X Γ , which can be thought of as the skeleton of X an . In [Bak08] , Baker constructs a specialization homomorphism ρ X, * :
It is defined by sending a
Recall that, if Y is a scheme locally of finite type over K, then there is a natural injective map i : Y(K) → Y an , whose image is dense if K is algebraically closed. On an affine patch U = Spec A it is given by associating to a K-rational point the multiplicative seminorm
on A. So, in particular, there is a natural injective map
In other words, the natural diagram
Proof of Proposition 3.3. Suppose first that K = K is algebraically closed. Let D = n i=1 a i p i be an effective K-split divisor on X. Since X d is proper over R, we find a unique semistable model X over X as well as a relative effective Cartier divisor D on X such that
By [BPR13, Theorem 4 .11] (also see [Ber90, Theorem 4.3 .1]), the semistable model X gives rise to a semistable vertex set V in X an , i.e. a set of points v in X an whose complement is a collection of closed pointed discs and annuli. The vertices v are precisely the vertices in the dual graph of X 0 and the edges of the dual graph correspond to the annuli in X an − V.
Let r : X an → X k be the reduction map. Then the pointed discs in X an are given by B(v) = r −1 (U v ) − V where U v is the open subset of a component in X 0 given by removing all of its nodes, and the annuli are given by B(e) = r −1 (x e ), where the x e are the nodes of X 0 . The restriction of the retraction map ρ X to a pointed disc B(v) shrinks all points B(v) to the corresponding point v ∈ Γ and its restriction to an annulus B(e) is given by the retraction of the annulus to its skeleton which is isometric to e.
So, if the point p i extends to a component X 0,v i of X 0 via D, its reduction is an element of U v i . Therefore p i is a point of B(v i ) and thus ρ X (p i ) = v i . So, by linearity, we have:
The general case, when K may not be algebraically closed, follows from the invariance of trop X d and ρ X under base change by a non-Archimedean extension K of K.
3.5. Proof of Theorem A. We conclude this section with the proof of Theorem A.
Proof of Theorem A. By Propositions 1.4 and 3.2, there is a natural isomorphism µ X d :
What remains to show is that the diagram
Consider the nodes of X given by by local equations x i y i = a i for a i ∈ R (for i = 1, . . . , r). Write the nodes in X above x i y i = a i as x
By Sections 2.3, 2.4, and 2.6, the retraction to the skeleton is given by sending x ∈ X an d to − log |t
in ∆( k, a). These are precisely the edge lengths of the dual graph of X that subdivides the edges of Γ X and this shows that the above diagram commutes.
Functoriality
There are two classes of tautological maps associated to symmetric powers:
(ii) For d ≥ 0 we have the Abel-Jacobi map
In this section, we show that the process of tropicalization naturally commutes with both classes of morphisms. 
Proof. The linearity of the specialization map from Section 3.4 implies the commutativity of
Suppose first that K = K is algebraically closed. Then the monoids Div 
We remark that a version of Theorem 4.2 has also appeared in [She16, Section 7] . We include the proof here for completeness.
Proof of Theorem 4.2. Suppose first that K = K is algebraically closed. There is a natural homomorphism trop :
that is given by sending a non-zero rational function f ∈ Rat(X) * to the map x → − log |f| x on Γ , thought of as the non-Archimedean skeleton of X an . Since K is algebraically closed, we have Div(X) = Div K (X). By the slope formula [BPR16, Theorem 5.14], we have div(trop(f)) = ρ X, * (div(f)) where ρ X, * denotes the specialization map ρ X, * : Div(X) Div K (X) → Div(Γ ) discussed in Section 3.4 above. Therefore the specialization map descends to a homomorphism
and this immediately implies that the diagram
commutes. In [BR15, Proposition 5.3], the authors show that the Picard group Pic d (Γ ) is naturally isomorphic (as a principally polarized tropical abelian variety) to the non-Archimedean skeleton
commutes. In fact, Baker and Rabinoff only show this statement for Pic 0 (X), but since K is algebraically closed, we may choose a point p ∈ X(K) and identify Pic d (X) with Pic 0 (X). Note that, since K is assumed to be algebraically closed, both Div 
commutes. The general case, when K may not be algebraically closed, again follows from the invariance of the projection to the skeleton under base change by non-Archimedean field extensions.
A Bieri-Groves-Theorem
In this section we deduce the following Theorem 5.1 from the Bieri-Groves-Theorem (see [BG84,  Theorem A] and [EKL06, Theorem 2.2.3]), which immediately implies Theorem C from the introduction.
Theorem 5.1. Let X be a smooth and proper variety over K and let X be a proper polystable model of X. Suppose that Y is a closed subvariety of X (defined over K) that is equidimensional of dimension δ. Then the tropicalization
of Y (as a subspace of X) is a Λ-rational polyhedral complex in Σ(X ) of dimension ≤ δ. If X has a deepest stratum E that is a point and Trop X (Y) contains a point in the interior of ∆(E), then the dimension of Trop X (Y) is equal to δ.
Let G n m = Spec K t It is given by sending a point x ∈ G n m an , which corresponds to a multiplicative seminorm |.| x on K t ±1 1 , . . . , t ±1 n extending the absolute value on K, to the point |t 1 | x , . . . , |t n | x ∈ R n . Using this map, the tropicalization of a subvariety Y ⊆ G n m may be defined to be the projection Trop that is faithful on the skeleton Γ of X, i.e. that restricts to a piecewise integer linear and unimodular map on Γ . Let L be an (d − 1)-ample line bundle on X. There is a natural map
into the Grassmannian of d-dimensional quotients of H 0 (X, L) that is given by associating to an effective divisor D on X the surjective restriction map
If L is d-ample, this map is an injection. Choosing global sections s 0 , . . . , s r ∈ H 0 (X, L) we find a map k,N (µ 1 , µ 2 , C, l) is empty. One may wonder whether this result remains true tropically. The following proposition addresses the emptiness result and would imply its algebraic counterpart. Proposition 7.2. Let Γ be a generic chain of loops and K its canonical divisor, so d = 2g−2 and r = g−1.
If n is such that n + d − r < 0, then |K| does not contain a divisor of the form d 1 p 1 + · · · d n p n .
Proof. The canonical divisor has degree 2g − 2 and rank g − 1. Therefore, in order for n + d − r < 0 to hold, we must have n < g − 1. The canonical divisor is supported on g − 1 vertices, and because of the genericity condition, any divisor equivalent to the canonical divisor will have at least that many vertices in its support. Therefore, there is no divisor of the form d 1 p 1 + · · · d n p n when n < g − 1.
However, unlike in the classical case, the result does not hold for all divisors. We give the following example.
Example 7.3. Consider the length 2 generic chain of loops, and let p be the middle vertex. Let D = K + p. Then the rank of D is 1 (because there is a divisor p 1 + p 2 , with each point coming from a separate loop, such that D − D is not effective), and so if n = 1 then n − d + 1 = −1 < 0. So, in the classical case we would expect there to be no divisor in |D| of the form 3q for q ∈ Γ . However, in this case D = 3p.
